It was known that for non-Hermitian topological systems due to the non-Hermitian skin effect, the bulk-edge correspondence is broken down. In this paper, by using one-dimensional Su-Schrieffer-Heeger model and two-dimensional (deformed) Qi-Wu-Zhang model as examples, we focus on a special type of non-Hermitian topological system without non-Hermitian skin effect -topological systems under non-Hermitian similarity transformation. In these non-Hermitian systems, the defective edge states and the breakdown of bulk-edge correspondence are discovered. To characterize the topological properties, we introduce a new type of inversion symmetry-protected topological invariant -total Z2 topological invariant. In topological phases, defective edge states appear. With the help of the effective edge Hamiltonian, we find that the defective edge states are protected by (generalized) chiral symmetry and thus the (singular) defective edge states are unstable against the perturbation breaking the chiral symmetry. In addition, the results are generalized to non-Hermitian topological insulators with inversion symmetry in higher dimensions. This work could help people to understand the defective edge states and the breakdown of bulk-edge correspondence for non-Hermitian topological systems.
I. INTRODUCTION
Non-Hermitian topological systems have been confirmed with diverse peculiar underlying physics distinguishing from its Hermitian counterparts [61] [62] [63] [64] [65] . Generally, the non-Hermitian terms i.e., imaginary-mass, or imaginary-momentum, or anti-commutating in tightbinding topological model bring novel properties such as complex spectra, defective edge states [9, 23] , non-Hermitian skin effect [20, 32, 39, 54, 56] , ... Due to the conventional bulk-boundary correspondence (BBC) collapsed in non-Hermitian topological insulators [17, 20-22, 47-49, 53, 56] , the non-Bloch topological invariants [20] and the effective theory for the edge states [60] were introduced to describe the non-Hermitian topological systems. Within the framework of Altland-Zirnbauer (AZ) theory, the topological invariants classifications based on different symmetries in the non-Hermitian topological systems were developed [19, 43, 44] . After considering reflection symmetry, the classification of non-Hermitian topological systems is also finished [45] .
However, a large class of non-Hermitian topological systems with real energy spectra have not been discussed: topological system under non-Hermitian similarity transformation. In particular, under non-Hermitian similarity transformation, the energy levels are all real and same to those of the Hermitian counterparts [66, 67] . So, there doesn't exist the non-Hermitian skin effect. However, the quantum states of these systems may be quite different from that of the Hermitian counterpart. Here, to completely understand the underlying physics of this type of non-Hermitian topological systems, we ask the following questions:
1. What are the topological invariants in the bulk for this type of non-Hermitian topological systems?
2. Does there exist the defective edge states in this type of non-Hermitian topological systems without non-Hermitian skin effect?
3. How to accurately characterize the physics of edge states and the possible anomalous BBC of defective edge states?
4. Are the defective edge states in this non-Hermitian topological system stable?
In this paper, to answer above questions, we systematically study the non-Hermitian topological systems by investigating one-dimensional (1D) Su-Schrieffer-Heeger (SSH) model and two-dimensional (2D) Qi-Wu-Zhang (QWZ) model under non-Hermitian similarity transformation. To characterize these non-Hermitian topological systems, we introduce a new type of symmetry-protected topological invariant -total Z 2 topological invariant. In topological phases, defective edge states appear, i.e., edge states on the ends of finite non-Hermitian topological systems with non-Hermitian coalescence. To accurately characterize the physics of defective edge states and the anomalous BBC, the effective edge Hamiltonians are obtained. With the help of the effective edge Hamiltonian, we find that the defective edge states are protected by (generalized) chiral symmetry and the (singular) defective edge states are unstable against the perturbation breaking the chiral symmetry. In addition, we generalize the results to non-Hermitian topological insulators in higher dimensions. This paper is organized as follows. In Sec. II, we explore the defective edge states and the anomalous BBC for 1D Su-Schrieffer-Heeger under non-Hermitian similarity transformation. In Sec. III, we study the defective edge states and the anomalous BBC for 2D Chern insulator under non-Hermitian similarity transformation. In Sec. IV we generalize the theory to topological insulators in higher dimensions under non-Hermitian similarity transformation. In the end, we give a brief conclusion in Sec. V.
II. ANOMALOUS BBC AND DEFECTIVE EDGE STATES FOR 1D SU-SCHRIEFFER-HEEGER UNDER NON-HERMITIAN SIMILARITY TRANSFORMATION
A. 1D Hermitian Su-Schrieffer-Heeger model
We begin with the simplest 1D Topological insulator -Hermitian SSH model, of which tight-binding Hamiltonian for the finite system with N pairs of lattice sites is given by
(1) where A (B) represents the sublattices and n indicates the n-th cell of the lattice. Correspondingly, under periodic boundary condition, its Bloch Hamiltonian becomes
where the real parameters t 1 , t 2 are the intra (inter)hopping amplitude, σ i refers to the Pauli matrices and the 2 × 2 matrix above is defined as the bulk Hamiltonian H SSH 0 (k). Under periodic boundary condition, the energy spectra are
Fig. 1(b) shows the energy spectra of SSH model.
Chiral symmetry and inversion symmetry
The Hamiltonian H SSH 0 (k) possesses chiral symmetry, i.e.
H SSH 0 (k) also has inversion symmetry satisfying the re-lationÎ
where the inversion operatorÎ is σ x . This equation implies
Total Z2 topological invariant
According to AZ classification, it is 1D AIII type, of which the topological invariant is a winding number
where φ n (k) = tan −1 (d y /d x ) with d y = t 2 sin k and d x = t 1 + t 2 cos k. There are two phases, topological phase with w = 1 in the region of |t 1 | < |t 2 | and trivial phase with w = 0 in the region of |t 1 | > |t 2 |. At |t 1 | = |t 2 | , there exists a topological phase transition. See the phase diagram in Fig. 1 (a) (β = 0 case). However, in this paper, to characterize the SSH model with chiral symmetry and inversion symmetry, instead of winding number w, we introduce a new topological invariant -total Z 2 topological invariant η = η k=0 η k=π . See the detailed definition in below discussion. Now, the Bloch Hamiltonian is divided into three parts
Here, k = 0/π are the high symmetry points in momentum space. The quantum states at these high symmetry points are invariant under inversion operation, i.e.,
I |ψ(k = π) = |ψ(k = π) .
For k = 0, we have
for k = π, we have
To describe the topological structure of H SSH 0 (k), we define two Z 2 topological invariants,
and
whereÎ = σ x . Now, we use the number ′ 1 ′ to denote the case η k=0 = −1 or η k=π = −1 and the number ′ 0 ′ to denote the case η k=0 = 1 or η k=π = 1. Hence, there are 4 different universal classes of topological phases denoted by (11) , (00), (10), (01) [68] . The following table shows the Z 2 topological invariants of different universal classes of topological phases (11) (10) (01) (00)
The total Z 2 topological invariant is defined as
η becomes a topological invariant to characterize the universal properties of different topological phases for SSH model with inversion symmetry. There are 2 trivial phases: (11), (00), and 2 topological phases: (10), (01).
In particular, the phase diagram from the Z 2 topological invariant η and that from the winding number ω are same, i.e., topological phases in the region of |t 1 | < |t 2 | and trivial phases in the region of |t 1 | > |t 2 |.
Effective edge Hamiltonian
The non-zero winding number or total Z 2 topological invariant η guarantees the edge states with zero energy for a system in thermodynamical limit, N → ∞. For the case of non-topological phase, the edge states disappear. This leads to the conventional bulk-boundary correspondence for Hermitian topological systems.
In topological phase, we consider the edge states e L 0 and e R 0 on the left and right ends of the semi-infinite chain as the basis [69] , i.e.,
where the normalization factor is
(1, 0) T and (0, 1) T denote the state vectors of twosublattices. For an semi-infinite chain, we have N → ∞.
In general, the wave-function for an edge state can be written as a superposition of the two end states at the left and right ends
where C 1 and C 2 are complex numbers, and |C 1 | 2 +
To characterize the two edge states, we introduce an effective edge Hamiltonian,
where
For this model, we have
The effective edge Hamiltonian becomeŝ
where τ i is the Pauli matrix acting on the two edge states. As a result, the energy levels for the two edge states are
and their eigenstates are
B. 1D SSH model under non-Hermitian similarity transformation
In the second step, we consider the SSH model under the non-Hermitian similarity transformation,
where β denotes the non-Hermiticity strength. Under the non-Hermitian similarity transformation, we have
As a result, under the non-Hermitian similarity transformation, the Bloch Hamiltonian of SSH model turns into a nonreciprocal one, that is
To describe the edge states, we rewrite the Hamiltonian in real space
where t 1(2)L(R) is the right (left) intra (inter)-hopping amplitude. Then, the effective hopping parameters in real space become
The eigenvalues of the Hamiltonian H SSH for the nonreciprocal SSH model are same to those of the Hermitian SSH model, i.e.,
Fig. 1(b) also shows the energy spectra of SSH model under non-Hermitian similarity transformation that are all real and unchanged with β. As a result, due to the real energy spectra, there doesn't exist the non-Hermitian skin effect.
C. Total Z2 topological invariant
For SSH model under non-Hermitian similarity transformation, the Hamiltonian also has chiral symmetry, i.e., σ z H SSH (k) σ z = −H SSH (k) and inversion symmetry, i.e.,ÎH SSH (k)
For the non-Hermitian topological system with inversion symmetry, we use the total Z 2 topological invariant η to characterize its topological properties
There are also two phases, topological phase with η = −1 in the region of |t 1 | < |t 2 | and trivial phase with η = 1 in the region of |t 1 | > |t 2 |. At |t 1 | = |t 2 | , there exists a topological phase transition. See the phase diagram in Fig. 1(a) .
D. Effective edge Hamiltonian for defective edge states
To characterize the two edge states for SSH model under non-Hermitian similarity transformation, we calculate the effective edge Hamiltonian,
Here, the basis of the wave-functions of end states are same to those for the Hermitian case [59] , i.e., e L 0 and |e R 0 . For this model, we have
The effective edge Hamiltonian is obtained as
where Although, the effective edge HamiltonianH eff is non-Hermitian, i.e.,H eff = (H eff ) † , the energy splitting for the edge states doesn't change.
However, the basis of the edge states changes under the non-Hermitian similarity transformation, i.e.,
is the basis for the non-Hermitian case with β = 0. As a result, the eigenstates for the two edge states turn into
To characterize the non-Hermitian properties under similarity transformation, the states overlap γ between the two edge states is defined as
For the case of β → 0, we have
Now, we have γ → 0; On the other hand, for the case of β → ∞, we have
Now, we have γ → 1. The edge states become defective: only edge state at left or right end exists. the non-Hermitian similarity transformation only polarizes the states onto one selected sublattice in the unit cell. In the strong non-Hermitian limit β → ±∞, the edge states localize on the A or B-sublattices that corresponds to a defective edge state on left or right end. Fig. 3 shows the changing of bulk states via β. From Fig. 3 , one can see that there only exists the effect from sublattice polarization, but no non-Hermitian skin effect. The weight of the bulk states tends to accumulate on A-sublattices with increasing β, and simultaneously decrease on B-sublattice. Fig. 4 shows the states overlap γ between the two edge states. From Fig. 4 , one can see that the theoretical prediction is consistent to the numerical results. When β → 0, the system reduces to Hermitian SSH model, the states overlap γ is zero, while in the strong non-Hermitian limit β → ±∞, the states overlap γ turns to 1. This indicates the (singular) defective edge states.
It had been believed that the defective edge states come from the non-Hermitian skin effect. However, for the SSH model under non-Hermitian similarity transformation, without non-Hermitian skin effect in the bulk, the defective edge states still exist. Therefore, this result is new.
In addition, we point out that the singular defective edge states with γ = 1 are protected by the chiral symmetry Before discussing the defective edge states for 2D non-Hermitian Chern insulator, we firstly consider a lattice model (deformed Qi-Wu-Zhang model) of the 2D Hermitian Chern insulator. The Bloch Hamiltonian is given by
where σ x,y,z are Pauli matrices. In this paper, we set t x = t y = v x = v y = 1. µ is the real mass parameter. The eigenvalues of the Hamiltonian can be written as 
In addition, we have a generalized chiral symmetry at k x = 0, i.e.,
To characterize the 2D topological insulator, we introduce a new topological invariant -total Z 2 topological invariant, η = η k=(0,0) η k=(0,π) η k=(π,0) η k=(π,π) .
See below discussion. There are four high symmetry points in momentum space, (0, 0), (0, π), (π, 0), (π, π), at which we havê I ψ( k = (0/π, 0/π)) = ψ( k = (0/π, 0/π)) . 
For k = (0, 0), we have
for k = (0, π), we have
for k = (π, 0), we have
for k = (π, π), we have
To describe the topological structure of the deformed QWZ model H DQWZ 0 (k), we define four Z 2 topological invariants,
We use the number ′ 1 ′ to denote the case η k=(0/π,0/π) = −1 and the number ′ 0 ′ to denote the case η k=(0/π,0/π) = 1. Hence, there are totally 16 different cases which represent 16 different universal classes of topological states denoted by (1111), (1110), (1101), (1101), (0111), (1100), (1001), (0011), (0110), (0101), (1010), (1000), (0100), (0010), (0001), (0000). The total Z 2 topological invariant is defined as η = η k=(0,0) η k=(0,π) η k=(π,0) η k=(π,π) = +1, trivial phase −1, topological phase .
Then, η becomes the topological invariant to characterize the universal properties of 16 different topological orders, of which there are 8 trivial phase : (1111), (1100), (1001), (0011), (0110), (0101), (1010), (0000), and 8 topological phase, (1110), (1101), (1101), (0111), (1000), (0100), (0010), (0001). For above deformed Qi-Wu-Zhang model with t x = t y = v x = v y = 1, the total Z 2 topological invariant is obtained as
There are two phases, topological phase with η = −1 in the region of µ 2 < 4 and trivial phase with η = 1 in the region of µ 2 > 4. At µ = ±2, there exists a topological phase transition.
Effective edge Hamiltonian
In the topological phase (µ 2 < 4), we firstly write down the effective Hamiltonian of the edge states.
For open boundary condition along y-direction, the topological phase exhibits edge modes localized on the boundaries. For the edge states with wave vector k x , we define the basis
The effective Hamiltonian of edge states for Hermitian 2D Chern insulator iŝ
where ε k = ± sin k x is the dispersion of the edge states of semi-infinite system and ∆ kx ∼ (µ − cos k x ) Ny is the tunneling strength where N y is the number of lattice sites along y-direction. As a result, the energy levels are
In thermodynamic limit N y → ∞, ∆ kx → 0, we havê Under the non-Hermitian similarity transformation, the Hamiltonian of deformed QWZ model turns into
The eigenvalues for the Hamiltonian H DQWZ for the non-Hermitian QWZ model are same to those for the Hamiltonian H DQWZ 0 , i.e.,
(65) Fig. 5 shows the energy spectra of deformed QWZ model under non-Hermitian similarity transformation that are all real and unchanged with β.
Inversion symmetry and generalized chiral symmetry
For the non-Hermitian deformed QWZ model, there also exists the inversion symmetry for H DQWZ (k x , k y ), i.e.,Î
where the inversion operatorÎ is (σ x ) β , and a generalized chiral symmetry at k x = 0, i.e., 
Total Z2 topological invariant
For non-Hermitian deformed QWZ model with inversion symmetry, we use the total Z 2 topological invariant η to characterize its topological properties,
The global phase diagram doesn't change, i.e., topological phase with η = −1 in the region of µ 2 < 4 and trivial phase with η = 1 in the region of µ 2 > 4. At µ = ±2, there exists a topological phase transition.
Effective edge Hamiltonian for defective edge states
In topological phase (µ 2 < 4), the effective Hamiltonian of edge states for the non-Hermitian 2D Chern insulator becomesH
This effective edge Hamiltonian is also non-Hermitian, i.e.,H
The energy levels for the edge states are
that are same to the Hermitian case with β = 0. In Fig.  5 , the spectra of edge states are given. However, the basis for the edge states changes under non-Hermitian similarity transformation, i.e., for the edge states with wave vector k x 
Now, we have γ kx → 0; On the other hand, for the case of β → ∞, we have
Now, we have γ kx → 1. All edge states with different wave vectors become defective: only edge states at left or right boundary exists. Fig. 6 (a), 6(b) show the edge states along y-direction of deformed QZW model under non-Hermitian similarity transformation. One can see that the non-Hermitian similarity transformation will polarize the states spin in degrees of freedom. In the strong non-Hermitian limit β → ±∞, the edge states are polarized in spin degrees of freedom that corresponds to a defective edge states on left/right end. Fig. 7 shows the states overlap γ kx between the edge states ψ kx,1 and ψ kx,2 with the same wave vector k x = 0.3. From Fig. 7 , one can see that the theoretical prediction is also consistent to the numerical results. In the strong non-Hermitian limit β → ±∞, γ kx = ψ kx,2 |ψ kx,1 turns to 1. This indicates the (singular) defective edge states.
For 2D non-Hermitian topological insulators, the intrinsic defective edge states have not been discovered yet. This is an example (in particular, in the strong non-Hermitian limit β → ±∞), of which there only exist edge states on left or right end. In addition, the defective edge states are protected by a generalized chiral symmetry. For the edge states along y-direction without a generalized chiral symmetry for the edge states at k y = 0, i.e., In addition, we consider the traditional non-Hermitian Qi-Wu-Zhang model under similarity transformation. The Bloch Hamiltonian is
The energy spectra for the bulk states of this Hamiltonian can be written as
(79) For the non-Hermitian traditional QWZ model, there also exists the inversion symmetry for H DQWZ (k x , k y ), i.e.,Î
where the inversion operatorÎ is σ z . However, there doesn't exist a generalized chiral symmetry at k = 0, i.e., 
There are also two phases, topological phase with η = −1 in the region of µ 2 < 4 and trivial phase with η = 1 in the region of µ 2 > 4. At µ = ±2, there exists a topological phase transition. In topological phase, the effective Hamiltonian of edge states becomesH This effective edge Hamiltonian is Hermitian, i.e.,
The energy levels are
Except for the non-Hermitian spin polarization effect, the basis for the edge states doesn't change under non-Hermitian similarity transformation, i.e., for the edge states with wave vector k
Now, the state overlap γ kx between the two edge states with wave vector k x is trivial,
Then we plot the wave-function for edge states under open boundary condition in Fig. 8(a) . We find that the wave-function will never localize on one edge and there is no defective edge state. Instead, the edge states have distribution on both edges with non-Hermitian spin polarization effect. Fig. 8(b) shows the overlap γ = ψ kx,2 |ψ kx,1 between the two edge states with wave vector k x = 0.3. From Fig. 8(b) , one can see that the theoretical prediction is also consistent to the numerical results, i.e., ψ kx,2 |ψ kx,1 ≡ 0. This indicates the usual edge states.
IV. ANOMALOUS BBC AND DEFECTIVE EDGE STATES FOR TOPOLOGICAL INSULATOR ON THE d-D CUBIC LATTICE UNDER NON-HERMITIAN SIMILARITY TRANSFORMATION
In above sections, we have discussed the anomalous BBC and defective edge states for 1D SSH model and 2D (deformed) QWZ under non-Hermitian similarity transformation. In this section, we will generalize the results to topological insulators in higher dimensions under non-Hermitian similarity transformation.
A. Non-Hermitian topological insulators on the d-D cubic lattice
Assuming periodic boundary conditions along all directions, we consider the following Hamiltonian for non-Hermitian topological insulators on the d-D cubic lattice
where Γ µ denotes the gamma matrices that satisfy {Γ µ , Γ ν } = 2δ µν and µ is the real mass parameter. Here, we have
B. Inversion symmetry and generalized chiral symmetry
There exists inversion symmetry for H cubic ( k) aŝ
where the inversion operatorÎ is (Γ d+1 ) β . In addition, we have a generalized chiral symmetry for the edge states at k i =j = 0, i.e.,
There are 2 d high symmetry points in momentum space, (0, ..., 0), (0, ..., π), (0, ...π, 0), ..., at which we havê I ψ( k = (0/π, ..., 0/π)) = ψ( k = (0/π, ..., 0/π)) .
(93)
To characterize the non-Hermitian topological insulators on the d-D cubic lattice, we introduce a new topological invariant -total Z 2 topological invariant,
where 0 means the 2 d high symmetry points in momentum space (0, ..., 0), (0, ..., π), (0, ...π, 0), ... The Bloch Hamiltonian is divided into two parts H cubic ( k) = H cubic ( k = (0/π, ..., 0/π)) +H cubic ( k = (0/π, ..., 0/π)) (95)
To describe this topological structure of H cubic ( k), we define 2 d Z 2 topological invariants,
For example, k = (0, ..., 0), we have
Now, we use the number ′ 1 ′ to denote the case η k=0 = −1 and the number ′ 0 ′ to denote the case η k=0 = 1. Hence, there are totally 2 d different cases which represent 2 2 d different universal classes of topological states. The total Z 2 topological invariant is defined as
Then, η becomes topological invariant to characterize the universal properties of different topological orders, of which there are 2 2 d −1 trivial phases for the case of µ 2 > d 2 , and 2 2 d −1 topological phases, µ 2 < d 2 . At µ = ±d, there exists a topological phase transition.
D. Effective edge Hamiltonian
In topological phase (|µ| < |d|), there exists gapless edge states. Along x j -direction, the effective edge Hamiltonian becomes
where ∆ ki ∼ (µ − i =j cos k i ) Ny , and (τ x ) β = cosh(β)τ x + i sinh(β)τ y = 0 e β e −β 0
.
This effective edge Hamiltonian is non-Hermitian, i.e.,
In thermodynamic limit N j → ∞, ∆ ki → 0, we havě
As a result, the energy levels for edge states become
This indicates that the energy spectra for edge states are independent on β.
E. Defective edge states
The basis for the edge states with wave vector k i will be changed under the similarity transformation S −1 , i.e., To characterize the non-Hermitian properties from similarity transformation, we define the state overlap γ ki between the two edge states with wave vector k i to be γ ki = ψ ki,2 |ψ ki,1 = tanh β. 
Now, we have γ ki → 1. All edge states become defective: only edge states at left or right boundary. However, for the edge states along other directions, without generalized chiral symmetry for the edge states at k i = 0, the edge states become normal.
V. CONCLUSION
At the end, we give a brief conclusion. We have exhaustively analyzed a new class of non-Hermitian topological systems: topological insulators under non-Hermitian similarity transformation by using 1D SSH model, 2D (Deformed) QWZ model as examples. With the help of a new type of symmetry-protected topological invarianttotal Z 2 topological invariant η = k=0 η k=0 (0 denotes 2 d high symmetry points in momentum space), the topological phases and trivial phases are classified. In topological phases without non-Hermitian skin effect, there exist defective edge states that are protected by (general) chiral symmetry. The effective edge HamiltonianȞ eff are obtained to describe the underlying physics of the defective edge states. The defectiveness of the edge states can be verified by calculating the state overlap γ = ψ 2 |ψ 1 between two edge states.
In addition, we point out that the symmetry-protected topological invariant -total Z 2 topological invariant η and the quantitative theory for the defective edge states can be generalized to various types of non-Hermitian topological systems, such as non-Hermitian topological superconductors and non-Hermitian topological semimetals. These issues will be studied in the future.
